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Abstract 



We provide five examples of conformal geometries which are naturally associated with or- 
dinary differential equations (ODEs). The first example describes a one-to-one correspondence 
between the Wuenschmann class of 3rd order ODEs considered modulo contact transformations 
of variables and (local) 3-dimensional conformal Lorentzian geometries. The second example 
shows that every point equivalent class of 3rd order ODEs satisfying the Wuenschmann and 
the Cartan conditions define a 3-dimensional Lorentzian Einstein- Weyl geometry. The third 
(«^ ' example associates to each point equivalence class of 3rd order ODEs a 6-dimensional conformal 

f^ , geometry of neutral signature. The fourth example exhibits the one-to-one correspondence be- 

^H ■ tween point equivalent classes of 2nd order ODEs and 4-dimensional conformal Fefferman-like 

\^ ' metrics of neutral signature. The fifth example shows the correspondence between undetermined 

("^ , ODEs of the Monge type and conformal geometries of signature (3, 2). The Cartan normal con- 

^T ' formal connection for these geometries is reducible to the Cartan connection with values in the 

^p I Lie algebra of the noncompact form of the exceptional group G2 ■ All the examples are deeply 

fH , rooted in Elie Cartan's works on exterior differential systems. 
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1 Introduction 

One aspect of the Null Surface Formulation of General Relativity (NSF) of Fritelli, Kozanieh and 
Newman [S| is to encode the conformal geometry of space-time in the geometry of a certain pair 
of partial differential equations (PDEs) on the plane. Although this pair of differential equations 
appears in NSF quite naturally, the question arises as to whether it is an accident or it is a feature of 
a deeper link between differential equations and conformal structures. A closer look at this question 
shows that the phenomenon observed in NSF is only a tip of an iceberg, and that there is an abun- 
dance of examples in which the geometry of differential equations can be related to the conformal 
geometry in various dimensions. The main aim of this paper is to describe these examples and to 
point out that all of them have their roots in Elie Cartan's works on differential systems. 

The oldest and the simplest of these examples is due to Karl Wuenschmann. It is contained in 
his PhD dissertation pi] defended at the University of Greifswald in 1905. His result is quoted by 
Elie Cartan in a footnote of Ref. 0. According to Cartan Wuenschmann observed that certain 
classes of 3rd order ordinary differential equations (ODEs) define, in a natural way, a conformal 
Lorentzian metric on the 3-dimensional spaces of their solutions. Chern in |^ interpreted the result 
of Wuenschmann in terms of a Cartan normal conformal connection J14j with values in the Lie al- 
gebra so(3, 2). Recently, Newman and collaborators ^ proved that every 3-dimcnsional Lorentzian 
conformal geometry originates from a 3rd order ODE from the Wuenschmann class. 

Although, due to Cartan, we have the precise coordinates of Wuenschmann thesis we were unable 
to get it from the University of Greifswald. Thus, we do not know how Wuenschmann obtained 
his result. In a joint paper |1UJ with Fritelli and Newman, we derived it by searching for 3rd 
ODEs for which it was possible to define a null separation between the solutions. We believe, 
that this derivation is very close to the Wuenschmann one. In the present paper, in Section 2, we 
give yet another derivation of Wuenschmann's result. This presentation is closely related to the 
description given in Cartan's footnote. In particular, we specify under which differential condition 
on i^ = F{x, y, y' , y") the 3rd order ODE 

y'" ^ F(x,y,y' ,y") (1) 

is in the Wuenschmann class (condition Q) and, using F and its derivatives, we give the explicit 
formula for the conformal Lorentzian 3-metric. We also calculate the conformal invariants of these 
metrics, such as Cotton tensor, and relate them to the contact invariants of the corresponding ODEs 
from the Wuenschmann class. We end this section by providing nontrivial examples of ODEs from 
the Wuenschmann class. 

Our next examples of conformal structures associated with differential equations are motivated by 
Cartan's paper 3 . In this paper Cartan studies the geometry of an ODE (Q given modulo the point 
transformation of variables. He shows that if, in addition to the Wuenschmann condition |(SJ, the 
ODE satisfies another point invariant condition H17|l , then it defines a 3-dimensional Lorentzian Weyl 
geometry, i.e. the geometry defined by a conformal class of Lorentzian 3-metrics [g\ and a 1-form 
[v\ given up to a gradient. This Weyl geometry turns out to satisfy the Einstein- Weyl equations, 
which makes Cartan's observation important in the integrable systems theory (see e.g. |23|1. 

In Section 3 we formulate the equivalence problem for 3rd order ODEs considered modulo point 
transformations and present its solution (Theorem 3) due to Cartan 3 . We interpret the result in 
terms of Cartan's connection lo with values in the Lie algebra of a group CO(l, 2) xi R^ - the semidi- 
rect product of the SO(l, 2) group extended by the dilatations, and the translation group in R'^. In 
case of a generic 3rd order ODE (Q this Cartan connection is defined on a principal SO(l, 2) fiber 



bundle V over a certain four dimensional manifold but, if the equation satisfies the Wuenschmann 
condition (jS]) and the Cartan condition Ijl?!) . it may be interpreted as a Cartan connection on a 
principal CO(l,2) fiber bundle over a three dimensional space identified with the solution space of 
(0). It is this special case which was studied by Cartan. In Section 3.1.1 we describe his result in the 
modern terminology. In particular, we explicitly write down the formualae for the metric gew and 
the Weyl 1-form i^ew in terms of function F = F{x,y,y' ,y") defining the equation. We also prove 
that the conditions © and ((T7|l are equivalent to the Einstein- Weyl condition for the Weyl geometry 
[gew i^ew]- The result is summarized in Theorem 4. In two examples (Example 2 and Example 3) 
we provide two nontrivial point equivalent classes of 3-rd order ODEs which satisfy conditions (jHJ 
and (|17|l . The class of equations of Example 2 is a generalization of example (j2()|l which was known 
to Tod |221- Example 3 shows how to generate nontrivial F = F{x,y,y' ,y") satisfying JHJ and (|17(l 
from particular solutions of reductions of the Einstein- Weyl geometries in 3-dimensions. Even very 
simple solutions, such as a solution u = \plx of the dKP equation (PS|) , give rise to very nontrivial 
Fs (see formula (|23))- 

In Section 3.1.2 we return to the generic case of an ODE Q given modulo point transformation 
and its Cartan connection w on the SO(l, 2) fiber bundle V . We show that in this general case V 
is equipped with a special vector field whose integral curves foliate V . The 6-dimensional space of 
leaves of this foliation is naturally equipped with a conformal metric [g] of signature (3,3). This 
6-dimensional conformal structure encodes all the point invariant information about the point equiv- 
alent class of ODEs (^. In particular, the Cartan (point) invariants of Theorem 3 and the curvature 
of Cartan's connection lo can be equivalently described in terms of a Cartan normal conformal con- 
nection associated with the conformal class of metrics \g\. This result, which was not mentioned by 
Cartan, is summarized in Theorem 5; an explicit formula for this normal conformal connection is 
given by (^5)1 . 

Section 4 deals with a geometry of a 2nd order ODE 

y" = Q{x,y,y') (2) 

considered modulo point transformations of variables. It provides a next example of appearances 
of conformal geometry in the theory of differential equations. This case was studied by us in a 
joint paper with Sparling JJj. In this paper, exploiting an analogy between 2nd order ODEs and 
3-dimensional CR-structures, we were able to associate a conformal 4-metric of signature (2,2) with 
each point equivalence class of ODEs l|2Jl. The construction of this metric, described in j^, was 
motivated by Fefferman's construction |7j of Lorentzian metrics on a circle bundle over nondegen- 
erate 3-dimensional CR-structures. Cartan, who formulated and solved the equivalence problem for 
ODEs (0) given modulo point transformations in his famous paper [5] , overlooked existence of this 
metric. In Ref. ^21, we showed that the conformal class of Fefferman-like (2,2) signature metrics 
associated with a point equivalence class of ODEs (O encodes all the point invariant information of 
such class. We summarize these results in Theorem 6. 

In Section 5 which, in our opinion, is the highlight of the paper, we consider the geometry of an 
undetermined equation 

z' = F{x,y,y',y",z) (3) 

for two real functions y = y{x) and z = z{x) of one variable. The studies of equations of this type 
can be traced back to Gaspard Monge, who knew that every solution to the equation of the form 

z' = F{x,y,y',z) (4) 



was expressible without integrals by means of an arbitrary function of one variable and its derivatives. 
Hilbert |12) , on an example of equation 

^' = (y'T, (5) 

showed that, in general, equations Q do not have this property. This result impressed Cartan, who 
previously (Ref. ^) considered equations lO as equations for Cauchy characteristics of pairs of 
PDEs in the involution defined on the plane. Cartan solved the equivalence problem for these PDEs 
which, implicitly, solves an associated equivalence problem for ODEs Q. From Cartan's solution of 
this equivalence problem it follows that among equations |j2Il only those for which Fy'/yft = have 
general solutions which can be expressed without integrals. 

From the geometric point of view equations ^ for which Fyiiyii ^ are much more interesting then 
those with FyHyii = 0. It follows from Cartan's work 4 that nonequivalent classes of equations (PJ 
with Fyiiy" 7^ are distinguished by means of a curvature of a certain Cartan connection. Surpris- 
ingly, this connection has values in the Lie algebra of the noncompact form G2 of the exceptional 
group G2 . The curvature of this connection is vanishing precisely in the case of equations equivalent 
to the Hilbert example ©. This, in particular means that the symmetry group of a very simple 
equation jSJl is isomorphic to G2- This fact, noticed with pride by Cartan in T, was perhaps the 
first geometric realization of this group predicted to exist by Cartan and Engel in 1894. 

The main original part of Section 5 consists in an observation that this Cartan connection can be 
understood as a reduction of a certain Cartan normal conformal connection. This is associated 
with a conformal metric G(3.2) of signature (3, 2) naturally defined by Q on a 5-dimensional space 
J parametrized by the five independent variables {x,y,y' .,y" , z). It follows that all the invariant 
information about the ODE (PJ satisfying Fyiiyii ^ is encoded in the conformal properties of the 
metric G(3^2)- We introduced this metric motivated by the Fefferman construction described in [T7j . 
Surprisingly, its existence, like the existence of Fefferman-like metrics described in Section 4, was 
overlooked by Cartan. 

Section 5 has three subsections. The first one makes precise the notion of an equation having a 
general solution without integrals. It also contains the proof of Monge's result on equation Q 
quoted above. The proof uses Cartan's method of equivalence jJHI and aims to motivate the defi- 
nition of equivalence problem for equations 0. This definition is given in Section 5.2 in terms of 
an equivalence of a system of three 1-forms (|42f) on J. The beginning of Section 5.3 reformulates 
Cartan's solution for the equivalence problem for pairs of PDEs in involution on the plane adapting 
it to the equivalence problem for ODEs Q with Fyiiyii ^ 0. This is summarized in Theorem 8. 
The interpretation of this result in terms of Cartan's 52-valued connection ojq is given by formula 
(|52|l . The rest of this section is devoted to the introduction and the discussion of a 5-dimensional 
conformal (3, 2)-signature metric whose Cartan normal conformal connection is reducible to w^ . 
This metric is defined by formula (|53|) and is finally expressible entirely in terms of the function 
F = F[x,y,y' ,y" ,z) and its derivatives in formula (|54|1 . The main properties of this metric are 
summarized in Theorem 9. 

As an application of this section, in Example 6, we consider equations of the form 

z' = F{y"). 

This generalizes ^. We show that in this case there is only one basic invariant of such equations. 
The metrics G(3 2) of Example 6 turn out to be always conformal to Einstein metrics. We characterize 
the Einstein scale for them by means of a simple ODE. Finally, in case of a generic F, we show that 



the square of the Weyl tensor for metrics G(3 2) can be interpreted in terms of a classical invariant 
of a certain polynomial of the fourth order. This polynomial resembles very much the Weyl tensor 
polynomial known in the Newman-Penrose formalism '16| . 

2 Third order ODEs considered modulo contact transforma- 
tions 

In 1905 Wuenschmann |23| observed that the spaces of solutions of a certain class of 3rd order ODEs 
are naturally equipped with conformal Lorentzian geometries. His observation can be summarized 
as follows. 

Consider a 3rd order ordinary differential equation 

y"'=F{x,y,y'y), (6) 

for a real function y = y{x) of one variable. To simplify notation let p = y' and q — y" . Now, 
consider the four-dimensional space J^ parametrized by (x, y,p, q). This space, the second jet space, 
is a natural arena to study the geometry of equation ©. In particular, the total differential vector 
field 

V = dx+vdv + qdp + Fdq 

on J^ yields the basic information about the solutions of 10. The integral curves of V foliate J^ 
with 1-dimensional leaves. The leaf space S of this foliation is 3-dimensional and can be identified 
with the 3-dimensional space of solutions of © . Following Chern we equip J^ with the following 
bilinear form^ 

g = 2[dy-pdx][dq- -Fqdp + Kdy + {-qFq - F- pK)dx ] - [dp-qdx f. (7) 



where 



3 " " " "-i 



K = \vFn - If^ - -K 



6 "^ 9 « 2 "■ 

Clearly, this form is degenerate. It has signature (-I-, — , — , 0) and its degenerate direction is tangent 
to the vector field V. It is natural to ask about the transformation properties of g under the Lie 
transport along the degenerate direction V. It follows that g transforms conformally under the 
Lie transport along V if and only if the function F = F{x,y,p,q) defining the ODE satisfies the 
following nonlinear differential condition 



A^Fy + {V- -Fq) K =0. (8) 



This condition, the Wuenschmann condition defines the Wuenschmann class of 3rd order ODEs. 
Each equation from this class has a naturally defined conformal Lorentzian structure on the space 
of its solutions. In our description, if F satisfies 0, this structure is obtained by projecting g from 
J^ to the leaf space S of integral lines of V. Since in such case g transforms conformally along P, 
it projects to the conformal (+,—,—) signature structure [g] on S. An interesting feature of the 
above Wuenschmann construction is its invariance under the contact transformations of the ODE 
(IBJ. More precisely, if equation © undergoes a transformation of variables of the form 

x^ x^x{x,y,p), y -^y = y{x,y,p), p ^ p ^ p{x,y,p), 



^ Here and in the following we adapt the convention from General Relativity in which a symmetrized tensor product 
of two 1-forms a and /3 is denoted by 0/3 = i(o (sD /3 + /3 (X) a), e.g. a^ = a (^ a. 



with 

Vx - pxx + piVy - pxy) =yp- pxp = 

then, if it is in the Wuenschmann class for the function F = F{x,y,p,q), it is also in the Wuen- 
schmann class for the transformed function F = F{x, y,p, q). It follows from the work of Chern p] 
that the Wuenschmann condition is the lowest order contact invariant condition one can build out 
of F and its partial derivatives. Moreover, every other contact invariant of an equation from the 
Wuenschmann class corresponds to a conformal invariant of the Lorentzian conformal structure [g] . 
These conformal invariants are constructed by means of the derivatives of the Cotton tensor C of 
[g]. Assuming A = and using the explicit form of the projection [g] of g we calculate that the five 
independent components of C are 

Cl = Fqqqq, C'2 — Kqqq, C3 = Lqq, C4 — Nq 

C5 = -SKqqL + iKqLq - 3KLqq + 3Lqy + 3Np + FqNq, 

where 

r=_iF -lIf k — K — ^F K 
^— 3 ly '^ 3 w^^ ^p 311 

N = \FqqL - iFqLq - 2Lp + KKqq - Kqy - ^K^ 

It is worth noting that the vanishing of Ci implies the vanishing of all the C^s, so that the conformal 
structure [g] has vanishing Cotton tensor iff Fqqqq = 0. In such a case the corresponding Wuen- 
schmann class of equations (jSJ is contact equivalent to the equation y'" = 0. 

Summing up we have the following theorem. 



Theorem 1 (Wuenschmann) 
Third order ODEs of the form 

III T-l/ I ll\ 

y = P[x,y,y ,y ) 

split onto two main contact nonequivalent classes, the Wuenschmann class and its complement. 
There are contact nonequivalent equations within the Wuenschmann class. Each representative 
of a contact equivalence class of equations satisfying Wuenschmann condition defines a conformal 
Lorentzian .structure on the space of its solutions. The conformally equipped solution spaces of contact 
equivalent equations are conformally related, so that each equivalence class of equations for which 
A = has a natural 3-dimensional conformal Lorentzian structure associated with it. 

There is a converse to this theorem. 



Theorem 2 (Frittelli, Kozameh, Newman) 

Every 3-dimensional Lorentzian conformal structure [g] defines a contact equivalence class of third 

order ODEs satisfying the Wuenschmann condition. 

Below, without the proof which can be found in 0, we sketch how to pass from [g] to the associated 
class of ODEs. 



Given a conformal family of Lorcntzian metrics [g] on a 3-dimcnsional manifold A4 we start with 
a particular representative g of [g]. This, in local coordinates {a;*}, i — 1,2,3, can be written as 
g = gijdx'^dx^ . Since the metric g is Lorentzian it is meaningful to consider the eikonal equation 

for the real- valued function S = S{x^) on A4. This equation, being homogeneous in S, has the 
complete solution S — S{x'';s) depending on a single parameter s. Now, treating x's, i = 1,2,3 
as constant parameters and s as an independent variable we eliminate x^,x'^ and x^ by triple 
differentiation of equation S = S{x^; s) with respect to s. As a result we get a relation of the form 

S'" = F{s,S,S\S"), (9) 

which shows that S = S{s) satisfies an ODE of the 3rd order. It follows that this equation satisfies 
the Wuenschmann condition . It also follows that if we start with another representative g of [g] 
and find the corresponding complete solution S — 5'(a;*; s) of the corresponding eikonal equation we 
get a 3rd order ODE for S — S{s) which is related to @ by a contact transformation of variables 
s, S and S". 

Example 1 

It can be easily checked that 

F{x,y,P,q) ^a —3 3- - p{l - p ) 

satisfies the Wuenschmann condition for all values of the real parameter a. Moreover, the 3rd 
order ODEs y'" = F(x, y, y' , y") corresponding to different values of a > are contact nonequivalent. 
It follows that the conformal Lorentzian structures [g] associated with such Fs have 4-dimensional 
group of conformal symmetries, which correspond to four contact symmetries of the associated 3rd 
order ODE J^. 

3 Third order ODEs considered modulo point transforma- 
tions 

Cartan j^ considered 3rd order ODEs modulo point transformations of variables. These transfor- 
mations are more restrictive then the contact transformations. They merely mix the independent 
and dependent variables 

x^x^ x{x, y), y ^y^ y{x, y) (10) 

of the equation |(BJ . Cartan in |3] found a full set of invariants which determine whether two 3rd 
order ODEs are transformable to each other by a point transformation of variables. He used his 
equivalence method. This method starts with a system of four 1-forms 

w^ — dy — pdx 

uj"^ — dp — qdx (11) 

0)3 :=^dq- F{x,y,p,q)dx 
Lo'^ = dx 
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which an ODE of the form © defines on the second jet space J^. Under transformations (|1U|I of 
the ODE JHJ the forms |[TT|) transform by 



(12) 



where a, /3, 7, e, A, /i, u, a are functions on J^ such that a^eiy ^ 0. These functions are determined by 
each particular choice of point transformation p(J|l . Instead of working with forms (w*), z = 1, 2, 3, 4, 
which are defined on J^ only up to transformations (|12|l , Cartan considers a manifold parametrized 
by (x, y, p, g, a, /3, 7, e, A, /i, i^, a) and forms 



6'3 = e(w'3 + At^2^^^i) 

which are well defined there. Using his equivalence method he constructs a 7-dimensional manifold 
V on which the four forms 6^,9^,9'^, 6* supplemented by three other forms ili, il-z and fis constitute 
a rigid coframe. This coframe encodes all the point invariant information about the ODE ©. More 
precisely, Cartan proves the following theorem. 

Theorem 3 

A 3rd order ODE 0) considered modulo point transformations of variables p^) uniquely defines 

• a 7-dimensional manifold V, 

• seven 1-forms 9'^,0'^ ,0^ ,9^,^1,0,2, fla onV such that 9^ A 6*2 A 6l3 A 6''' A fii A fi2 A f^g 7^ and 

• functions A, B, C, D, G, H, K, L, M, N on V , 
which satisfy the following differential conditions 

d0^ = f7i A 6li + 6l4 A 6l2 

d6l2 = f]2 A 6i2 + f^g A 6li + 6l4 A 6*3 

d6l3 = (2f72 - ^i) A 6l3 + f^3 A 6*2 + A9^9^ 

d0^ = {^i - ^2) A 9^ + B0^ A 6ii + C9^ A 0^ (13) 

dl^i = -r^s A 6l4 + (iJ + D)9^ A 6*2 + {2,K - 2B)9^ A0^ + {G + L)0^ A e** - 09"^ A 0^ 

dn2 = D9^ A 6*2 + 2{K - B)0^ A0^ + G0^ A0*- 2C9^ A 9^ 

dQs = (^2 - ^1) A r^s + M0^ A 6l2 + (D - H)0^ A0^ + N0^ A 9-^ + {2K - B)0^ A 9^ + G0^ A 9^. 



Two third order ODEs y'" = F{x,y,y' ,y") and y'" — F{x,y,y' ,y") are transformable to each other 
by means of a point transformation ^0\) if and only if there exists a diffeomorphism cj) : V ^ P 
of the corresponding manifolds V and V such that (j)*{9^) — 6^, i — 1,2,3,4, and (f>*{Qfi) — 51^, 
/i = l,2,3. 

3.1 Cartan connections associated with 3rd order ODEs considered mod- 
ulo point transformations 

Among the equivalence classes of 3rd order ODEs described by Theorem 3 there is a particularly 
simple class corresponding to the vanishing of all the functions A, B, C, D, G, H, K, L, M, N. In case 
of such ODEs the corresponding forms {9^, 9^, 9^, 6^,^11,^2,^3) can be considered a basis of left 
invariant forms on a Lie group which naturally identifies with the space V. The structure constants 
of this group are determined by equations (|13|l with all the functions A, B, C, D, G, H, K, L, M, N 
vanishing. This group turns out to be locally isomorphic to CO(l, 2) x R'^, the semidirect product 
of the SO(l, 2) group extended by the dilatations, and the translation group in R'^. In this sense, 
Theorem 3 can be interpreted in terms of a CO(l, 2) x R'^ Cartan connection defined over the space 
j2. Explicitly, the 1-form 



(14) 



which has values in the Lie algebra of CO(l, 2) x R^, defines a Cartan connection on V. To see this 
it is enough to observe that the system (|13|l guarantees that the annihilator of forms {9^, 9"^, 9^, 9'^) 
is integrable, so that V is fibered over the 4-dimensional space of leaves tangent to this annihilator. 
This space of leaves naturally identifies with J^ . Using equations (|13|l and calculating 

R = duj + LU A LU 
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with 



J^ = L>0i A 02 + 2[K - B)0i A 03 - 2C02 a 03 + G0i A 0^ 



«3 



6 



-A0i A I 



i?\ = -i/0i A 02 - K9'' A 03 _ C'02 A 03 - L0i A i 



i?2^ = -Af 01 A 02 + (iJ - 15)01 ^ g,3 + (s _ 2^)02 A 03 - 7V01 A 04 - G02 A I 



i?i = B0i A 02 + C0i A 



we find that SO(l,2) -^ V ^ J^ equipped with w is a Cartan bundle with a CO(l,2) xi R'' con- 
nection over ,P . 

In the next subsection we discuss under which conditions Theorem 3 can be interpreted in terms of 
a Cartan connection over a certain 3-dimensional space, the space with which all the solution spaces 
of point equivalent equations (O may be identified. 

3.1.1 A subclass defining Lorentzian Einstein- Weyl geometries on the solution space 

First, the system H13|) guarantees that, not only V is foliated by the 3-dimensional leaves discussed 
so far, but it is also foliated by 4^- dimensional leaves. These are tangent to the integrable distribution 
on which the forms (6*^, 6^,9^) vanish. Thus tt : V ^ A4 can be considered a fibre bundle over the 3- 
dimensional space Ai of leaves of this foliation. A 4-dimensional group CO(l, 2) acts naturally on the 
fibres 7r~^(A4) of V equipping it with a structure of a CO(l, 2) fibre bundle over Ai. Now, the form 
u! defined by (|14|l can be interpreted as a CO(l, 2) x R-^ Cartan connection on CO(l, 2) ^ T' ^ A^ 
iff in the curvature R there are only horizontal 6^ /\ 9"^, 0^ l\ 9^ and 9'^ A 6^ terms. This is only 
possible if 

a) A = (15) 

and 

b) G = 0. 

These are also sufficient conditions since, if they are satisfied, the functions N and L also vanish. 
Vanishing of each of A and G is a point invariant property of the ODE JH)) . One can also consider 
these conditions independently of each other. The vanishing of A is precisely the Wuenschmann 
condition (jS)) which, being contact invariant, is also a point invariant. If the equation (j^ satisfies 
this condition it defines the conformal metric g on AA. This conformal Lorentzian structure on Al 
is the projection of the bilinear form 

g = 29^6^ - {9^f (16) 

from T' to AJ. Thus, similarly to the contact case, point equivalent classes of equations (jHl satisfying 
the Wuenschmann condition ^ = define a conformal structure on the space Ai. If, in addition 
condition h) is satisfied then the pair [g, v = —2^-2) projects to a well defined Weyl geometry 
[(ffeii), ^eiu)] on the space M.. We recall that a Weyl geometry on a 3-dimensional manifold M. is 
the geometry associated with an equivalence class [(5, i^)] of pairs (5, v)^ in which g is a Lorentzian 
metric, 1/ is a 1-form, and two pairs (17, v) and (g', i^') are in the equivalence relation iff there exists 
a function on At such that g' = e~'^'^g and v' = v + 2d<j). 

To see how the Weyl geometry [{gewii^ew)] appears in the above context we first remark that the 
condition G = 0, when written in terms of the function F = F{x, y,p, q) defining the equation ((HJ, 
is 

G = ^=^ V^F,,-VF,p + F,y^O. (17) 

Then, identifying M with the quotient J^/D and using the {x,y,p,q) coordinates on J^, we have 



-Fauj"^ -f {-VF„ - -F„ - -. 
3 ' ^6 * 2 ^ 9 



~g = /?2[2^1(^3 _ _p^^2 ^ ^_^p^ _ _p^ _ _f2)^1) - (^2)2] 



-£> = 2O2 = 2dlOg/3 + ^{Fgp - VFgg)UJ^ + ^FggUJ^ + ^FgUJ^ 



10 



The bilinear form g is identical with |(7J), thus due to the Wuenschmann condition A = Q,it projects 
to a conformal structure [gew] on M. Calculating the Lie derivative of v with respect to T) we find 
that 

CVV = -{V^Fgg - VFgp + Fgy)uj^ + d{ . . .) . 

Thus, due to condition H17|l. C-dD is a total differential. This means that i> projects to a class of 
1-forms [vew] on Al which are given up to an addition of a gradient. 

It follows that the so defined Weyl geometry [{gew, i^ew)] on Ai satisfies the Einstein- Weyl equations. 
To see this we first recall that a 3-dimensional Weyl geometry [{g — gijO'^O^ ^v)] defines a Weyl 
connection, which is totally determined by the connection f -forms F* satisfying 



d9' + ^^ A 0J = 0, dg,j - Ty - r,, = -vg,, , r,, = g,uT 

The Weyl geometry is said to be Einstein- Weyl iff the curvature 

1 



k 



of this connection satisfies 



where 



"^ = 2^Vi^'^^' = dr^+rfeAr'=, 



^{ij) ~ '^^9ij — 0, (18) 



Rjk - R'j^k R{i3) = 2{Ri3 + Rji) 

and R = g'^R^j, g'^gkj = 5\y 

It follows that in the case of Weyl geometry [{gew, Vew)] the Einstein- Weyl condition (|18|l reduces to 
the requirement that the point invariant M of the system (I13II vanishes. To show that conditions 
A = G ^ Q, which were needed to define [{gew, Vew)], imply M = we apply the exterior derivative 
d to the both sides of equations (|13|l . Then from the equation d^^"^ = we deduce that N = L = {). 
Having this and insisting on d^5l2 = we get that D = 2iJ, which is only possible if M = 0. 

Summarizing we have the following theorem. 

Theorem 4 (Cartan) 

A point equivalence class of 3rd order ODEs represented by an ODE 

y'" ^ F{x,y,y\y") 

which satisfies Wuenschmann condition |3|) and Cartan condition jJ?} ) defines a Lorentzian Einstein- 
Weyl geometry [{gew,i^ew)\ on the 3-dimensional space Ai. This space can be identified with the 
solution space of any of the ODEs from the equivalence class. 

It is a nontrivial task to find F ~ F{x, y,p, q) which satisfies the Einstein- Weyl conditions (jHl, 117|l . 
Cartan gave several examples of such Fs (see |^ for a discussion of that issue). Here we present 
two other ways of constructing them. 

Example 2 

It is relatively easy to find all point equivalence classes of 3rd order ODEs which admit at least four 
infinitesimal point symmetries jl3| . Among them there is a 1-parameter family of nonequivalent 
ODEs represented by 

y2 
11 



which corresponds to noncquivalcnt Einstein- Weyl geometries for each value of the real constant a. 
This constant enumerates nonequivalent ODEs; its sign is correlated with the sign of {2qy — p^), so 
that the expression under the square root is positive. If a — > cx3 the equivalence class of ODEs may 
be represented by 

F = q^/^, (20) 

which also satisfies conditions ((HJ, (|17|l . 

Example 3 

Since 3-dimensional Lorentzian Einstein- Weyl geometries are known to be generated by solutions of 
various integrable systems, one can try to use such solutions to associate with them point equivalence 
classes of ODEs ©. We illustrate this procedure on an example of solutions to the dKP equation. 

The dKP equation for a real function u = u{x, y, t) can be considered to be the Froebenius condition 

d^i A ^1 A ^4 = 

d(1.4 A cji A tJ^ = (21) 

for the two Pfafhan forms 

oj^ = Ax + {u + f^)dt + vAy 
uj'^ — dv — [uy + Uxv)dt — Uxdy (22) 

in a 4-dimcnsional space parametrized by {x, y, t, v). Indeed, by substitution of (|22|l to (|21|l wc find 
that (|21|l is equivalent to 

Uyy = -(uj;)^ + u.xt - uu^x, (23) 

which is the dKP equation. Since every solution to 123|l generates a 3-dimensional Lorentzian 
Einstein- Weyl geometry [H] it is reasonable to ask if there is a point equivalence class of 3rd order 
ODEs associated with each such solution. It turns out that the answer to this question is positive. 
Given a solution u = u{x,y,t) of the dKP equation there is a point equivalence class of 3rd order 
ODEs, with a representative in the form (|SJ), such that the four 1-forms {uj^ , Cj'^ , uj^ , uj'^) of (|12|l 
encoding it have, in a convenient coordinate system (x,y,t,v) on J^, representatives uj-^ and a)'* of 
((^ and uj^ and u)^ given by 

w^ = {—uuxx — '2'UxyV + Uxxv'^)dt — Uxx'^x — Uxydy 

(I)^ = (-""L - 4u^^ -I- AUxxUxyV - ul^v'^)dt - U^j.dx -I- Uxx{-'2Uxy + UxxV)dy. 

In particular, equations H21|l guarantee that there exists a coordinate X on J^ such that in the class 
(|12|l of forms ui^ there is an exact form dX. This defines a function X, which in turn is interpreted 
as the independent variable of the associated ODE. For example, for a very simple solution 

u — V2x 

of the dKP equation we find that 

X = t+-v'^ + V2^, 

which enables us to find the associated class of 3rd order ODEs. This class may be represented by 
quite a nontrivial 



Fix,y,p,q)^P'^^-'' + ''P'-'^'^ + '^' + -'^^^'\ (24) 
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It can be checked by a direct substitution that such F satisfies the Einstein- Weyl conditions ©, H17|l . 

We close this section with a remark, that it is not clear whether all 3-dimensional Lorentzian Einstein- 
Weyl geometries have their associated point equivalence classes of 3rd order ODEs. Our experience, 
based on the Cartan's equivalence method, suggests that it is very likely. 

3.1.2 Conformal metric of signature (3,3) associated with a point equivalence class of 
3rd order ODEs 

If an ODE ((HJ does not satisfy the Wuenschmann condition (|15() . it is impossible to define a con- 
formal structure in 3 dimensions out of the Cartan invariants H13|l . However, irrespectively of the 
Wuenschmann condition H15|l being satisfied or not, with each point equivalence class of ODEs ^, 
we can associate a conformal metric of signature (+, +, +, — , — , — ), whose conformal invariants en- 
code all the point invariant information about the corresponding class of ODEs. We achieve this by 
using Sparling's procedure [32] which, with 'the Levi-Civita part' 

^r^s - fli -e^ 
r = (r,)=( -n^ o -0* 
-^3 ni ~ ^2 

of the Cartan connection H14|l and with the bilinear form g = gij0''6^ of p6(l . associates a new 
bilinear form 

on v. Here 




i9'n = 
and Cijk is the standard Levi-Civita symbol in R'^ so that 

This bilinear form is degenerate on V and has (-I-, -I-, -|-, — , — , — , 0) signature. Denoting the basis of 
vector fields on V dual to the 1-forms (6li, g^, 6*3, e*"*,!!!, f^a, f^a) by (Xi, X2,X3, X4, Yi, ^2,^3), we 
find that the degenerate direction of g is tangent to the vector field Z = Yi +¥2- 

It is remarkable that, due to equations H13|l . the bilinear form g transforms conformally when Lie 
transported along Z. Explicitly, without any assumptions on the Cartan invariants A, B, C, D, 
G, H, K, L, M, N, we have 

^zg = 9- 

Thus, the bilinear form g naturally descends to a conformal metric g/^f of neutral signature on 
the 6-dimensional space J\f of integral curves of the vector field Z. This conformal metric yields 
all the point invariant information about the corresponding point equivalent class of ODEs ((HJ- 
In particular, the Cartan invariants A, B, C, D, G, H, K, L, Af, N can be understood as curvature 
coeflficients of the Cartan normal conformal connection associated with g/^f. This Cartan connection 
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can be represented by the following so(4, 4)-valued 1-form 



/ 1^2 i(f^i-r!2) - 



^M 



\e' 






\n. 



^^3 



¥' 



¥' 



\n. 



\^3 

^ 3 
^ 3 



T4 








-¥' 


¥^ 


i^l 





¥' 


-i^^ 


-¥' 






-1^2 



¥' 






rii -^2 



T5 

^ 4 




-1^3 
4^1 



^ 3 
-r!3 



1^3 
2-L 4 



-1^4 



il^l-02 





T4 

T5 



lp3 
2-L 4 



r(r!i-r!2 



-¥^ 



\^z 



-h^2 



(25) 



where 



\Ge^ 



T4 = tk[^3(G) - QH] 6*1 - iX 02 _ 1^ 5,3 
T5 = ^[-AC - 2X2(L) - 2M + X4(i:')] 6ii + ^[X^{G) - 6H + 6D] 9^ + \{-2B + iK) 6^ 

ri3==if^3 + i(G-L)0i 

T\ ^M 0^ -H 0^ + \{2B - 3K) 0^ - \{G + L) 0^ 

T\ = {-H + D)0^ + \K 0^ + C 0^ 

r\^ \{2B-K) 0^ + C 0^ 

on V. 

We remark that not all 6-diniensional split-signature conformal metrics originate from a point equiv- 
alence 3rd order ODEs. To see this, we calculate the curvature 

of bjj^ and observe^ that it has quite special form when compared to the curvature of Cartan's 
normal conformal connection associated with a generic (+, +, +, — , — , — ) signature metric. 

Summarizing, we have the following theorem. 

Theorem 5 

Each point equivalence class of 3rd order ODEs 

defines a conformal split- signature metric g^ on a 6- dimensional manifold M , which is canoni- 
cally associated with this class of ODEs. The conformal metric g^ yields all the point invariant 
information about the corresponding class of 3rd order ODEs. 



We omit writing down the explicit formulae for this curvature here. 
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4 Second order ODEs considered modulo point transforma- 
tions 

This case has been recently carefuUy studied in Ref. jJTj. The ODE part of this paper includes, in 
particular, description of the geometry associated with an equation 

y"^Q{x,v,y') (26) 

considered modulo point transformations H1U|) . This geometry, in the convenient parametrization 
(a;, y,p ~ y') of the first jet space J^, turns out to be very closely related to the geometry associated 
with the following split signature metric, the Fefferman metric, 

2 1 

g^2[{dp~ Qdx) dx - {dy - pdx) {d<j> + -Qpdx + -Qpp{dy ~ pdx)) ] (27) 

on J^ X R. More precisely, we have the following theorem. 
Theorem 6 

1) Every second order ODE ^2(^) endows its corresponding space J^ x R with an orientation and 
with the Fefferman metric \21\j . 

2) If the ODE undergoes a point transformation Uf)\} then its Fefferman metric transforms confor- 
mally. 

3) All the point invariants of a point equivalence class of ODEs 1^261) are expressible in terms of the 
conformal invariants of the associated conformal class of Fefferman metrics. 

4) The Fefferman metrics {27)) are very special among all the split signature metrics on ^-manifolds. 
Their Weyl tensor has algebraic type {N, N) in the Cartan-Petrov-Penrose classification ^ I19L I2UI 

I21| . Both, the self dual C^ and the antiselfdual C~, parts of it are expressible in terms of only one 
component. In fact, C^ is proportional to 

W\ — U \c^pp ^Ui^py J-^^pp^p r ^^p^py ^^pp^y I ^^yy 

and C^ is proportional to 

W2 — ^pppp , 

where 

D ^ dx +pdy + Qdp. 

Each of the conditions Wi — and W2 = is invariant under point transformations UfJ\) . 

5) Cartan normal conformal connection associated with any conformal class [g\ of Fefferman metrics 
is reducible to a certain SL(2 + 1,R) connection naturally defined on an 8-dimensional bundle over 
J^ which, via Cartan's equivalence method, is uniquely associated with the point equivalence class of 
corresponding ODEs 1^26]) . The curvature of this connection has very simple form 

n^ wi 
\0 J 
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If Wi — or W2 =0 this connection can be further understood as a Cartan normal projective 
connection over a certain two dimensional space S equipped with a projective structure |15j . S can 
be identified either with the solution space of the ODE 1^26]) in the wi — case, or with the solution 
space of its dual^ ODE in the W2 — case. 

5 Equations z' = F{x,y,y',y", z), noncompact form of the ex- 
ceptional group G2 and conformal metrics of signature (3, 2) 

5.1 Equations with integral- free solutions 

Consider a differential equation of the form 



G(a;,y,y',...,y("),z,z',...,zW) = 



(28) 



for real functions y = y{x) and z = z{x) of one real variable. In this equation G : R'^+'^+s -^ R, and 
y(»')^ z{<i) denote the rth and the gth derivative of y and z with respect to x. In 1912 Hilbert [T^ 
considered a subclass of equations H28|l which he called equations with integral-free solutions (Germ, 
integrallose Aufloesungen) . These equations arc defined as follows. 

Definition 1 Equation \2t^) has integral-free solutions iff its general solution can be written as 

X ^ x{t,w{t),w' {t), ...,w'-P\t)) 
y^y{t,w{t),w'{t),...,w(-P'>it)) 
z = z{t,w{t),w'{t),...,w'-P^t)), 

where w = w(t) is an arbitrary sufficiently smooth real function of one real variable. 

As an example consider equation 

z' = y. (29) 

Clearly x = t, z = w{t), y = w'{t) is its general solution, which shows that 129|) is in the Hilbert 
class of equations with integral- free solutions. Very simple equation H29(l belongs to the class oi first 
order Monge equations 

z' = F{x,y,y',z), (30) 

which are equations (|28|l with unknowns of at most of the first order. 

Associated with each first order Monge equation (|30|l there is a 4-dimensional space J parametrized 
by {x, y,p, z) and two 1-forms 

Lo^ = Az — F{x, y,p, z)dx 
Lo^ = dy — pdx. 

Every solution of the Monge equation (|30|l is a curve c{t) = (x{t), y{t),p{t), z{t)) in J on which the 
forms uj^ and uj'^ vanish. 

Suppose now, that given a Monge equation (|30|l . there exists a transformation of the associated 
variables {x,y,p,z) 

(31) 



y 





y 




y{x,y,p,z) 


p 




P 




p{x,y,p,z) 


V 




V/ 




\z{x,y,p,z)) 



'See e.g. 1171 for the concept of dual second order ODEs. 
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such that 



dy-pdx = auj^ + (3uj^ (32) 

dp — zdx — juj^+Suj'^, 



with a,P, 7, 6 functions on J satisfying A — a5 — Pj ^ 0. In such case 



Ll)'^ — A ^ [— 7(d?; — pdx) + a{dp — zdx) ] . 



uj^ = A^i [ 5{dy ~ pdx) - P{dp - zdx) ] 

Thus, taking 

x = t, y^w{t), p^w'{t), z^w"{t) (33) 

we construct a curve in J on which the forms w^ and w^ identically vanish. Now, the inverse of (p 
which gives x = x{x, y,p, z), etc., provides 

X ^ x{t,w{t),w' {t),w" (t)) 
y^y{t,w{t),w'{t),w"{t)) 
z ^ z{t,w{t),w'{t),w"{t)), 

which is an integral- free solution of the Monge equation H^^O|l . 

We summarize our discussion in the following Lemma. 

Lemma 1 

Every first order Monge equation fSO\) admitting coordinate transformation f31\) which realizes l^SS^) 
has integral-free solutions. 

Example 4 

Consider equation 

z' = {y')\ (34) 

Its corresponding forms are lo^ — dz ~ p^dx, uP' — dy — pdx. The change of variables x = ■^z, 
y = ^{zx — p), z = ■kzx'^ — px + y, p = x brings them to the form uj^ — dy — pdx — x{dp — zdx), 
up' = — i(dp — zdx). This proves that substitution (|33() leads to the following integral- free solution 
of equation l|M|l: 

X = iw"(t) 

y^^tw"{t)-^w'{t) 

z = ^t'^w"{t) - tw'{t) + w{t). 

A natural question as to whether all the first order Monge equations have integral-free solutions was 
answered in afhrmative by Monge. Thus, we have the following theorem. 

Theorem 7 (Monge) 

Every first order Monge equation has integral-free solutions. 

It is instructive to sketch the proof of this theorem. 

Given a Monge equation (|30(l we consider its associated two 1-forms 

uj ~ dz — F{x,y,p, z)dx and oj' = dy — pdx (35) 
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on J. Wc say that another pah of Hnearly independent 1-forms {Cj^,uP') on J is equivalent to the 
pair (|35() if there exists a transformation of variables (|31|l and functions a, (3, 7, 5, a5 — /Sj 7^ 0, on 
J such that 

4>*{lu^) = ato^+Puj^ (36) 

According to Lemma 1, if we were able to show that there is only one equivalence class of forms 
(ui^jUj'^) equivalent to {dy — pdx , dp — zdx), the theorem would be proven. Thus, in the process 
of proving the Monge theorem, we are led to study the equivalence problem for two 1-forms given 
modulo transformations (|36() on an open set of R**. Introducing the total differential vector field 
D — dx +pdy + Fdz it is not difficult to prove that a pair of 1-forms H35|l originating from the Monge 
equations for which 

Fpp = and DFp - Fy - FpF, = (37) 

and a pair of forms originating from the equations for which at least one of the above conditions is 
not satisfied are not equivalent. Then, the Cartan equivalence method applied to the forms related 
to the first order Monge equations not satisfying H37|) shows that they are all locally equivalent to 
{dy — pdx, dp — zdx). Thus, the first order Monge equations for which at least one of conditions (|37|l 
is not satisfied have general solutions of the form 

X ^ x{t,w{t),w' {t),w" (t)) 

y^y{t,w{t),w'{t),w''{t)) (38) 

z = z{t,w{t),w'{t),w"{t)). 

On the other hand, if we apply the Cartan equivalence method to the forms originating from the 
Monge equations satisfying (I37II . we show that they are all locally equivalent to (dz, dy—pdx). Thus, 
taking z =const, x = t, y = w{t) and p = 'w'{t) we show that in such case the Monge equations have 
general solutions of the form 

X — x{t, w{t), w' (t)) 

y^y{t,w{t),w'{t)) (39) 

z ~ z{t,w{t),w'{t)). 

Therefore in the both noncquivalent cases (|38|l and l|39(l the Monge equations have integral-free 
solutions. This finishes the proof of the Monge theorem. 

Hilbert in ^12, considered an equation 

z' = {y"f (40) 

and proved that it has not the property of having integral-free solutions. It turns out, that among 
all the equations which have not this property, the Hilbert equation (|40|) is, in a certain sense, the 
simplest one. 

5.2 Equivalence of forms associated with ODEs z' = F{x,y,y',y", z) 
The Hilbert equation (|40|l is a special case of an equation 

z'^F{x,y,y',y",z). (41) 

Equations of this type were considered by Cartan 0] who, in particular, observed that they describe 
Cauchy characteristics of pairs of involutive second order PDEs for a real function of two variables. 
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In the context of the present paper we are interested under what conditions equations (|41|l have 
integral- free solutions. The treatment of the problem is a simple generalization of the method 
described in the sketch of the proof of Monge's theorem. Thus, with each equation (|41() we associate 
three 1-forms 



u!^ — dz — F{x, y,p, q, z)dx 



OJ 



CO 



: dy — pdx 
dp — qdx, 



(42) 



which live on a 5-dimcnsional manifold J parametrized by {x, y,p = y' ,q = y", z). Following the case 
of Monge equations, we need to study the equivalence problem for the triples of linearly independent 
1-forms (w^,a;^, w"^) on an open set of R^. More precisely, let {uj^ , uj"^ , uj^) be defined on a open set 



J C R parametrized by {x,y,p,q,z) and 

by (x, y,p, q, z). We say that the two triples {oj^ 

there exists a (local) diffeomorphism (j) : J ^ J 



[uj^ , uj"^ , u)^) be defined on a set J C R^ parametrized 
and (d)-'^, w^,u)^) are (locally) equivalent iff 



/x\ 




/x\ 




y 
p 


^ 


y 
P 


. 


q 




Q 




vJ 




vJ 





fx{x,y,p,q,z)\ 
y{x,y,p,q,z) 
P{x,y,p,q,z) 

q{x,y,p,q,z) 

\z{x,y,p,q,z)J 



(43) 



and a GL(3,R)-valued function 



on J such that 



S e A 



0*(cD3) 






f3uj^ 






(44) 



3^ - 



KLJ + ^O; -|- VUJ . 



The equivalence problem for such triples was solved by Cartan. His solution, in particular, can be 
applied to the triples of 1-forms (|42|l originating from the Cartan equations (|41|l . Cartan's analysis, 
restricted to such triples, shows that they split onto two main noncquivalcnt classes. The first class 
originates from equations 1)41(1 satisfying 

Fqq = 0, 

the second class is defined by the equations for which 

F,, + 0. 

Both the above classes include nonequivalent triples of 1-forms, but only the first class originates 
from equations H41|l with integral-free solution. All the Cartan equations with F^q 7^ have not the 
property of having integral-free solutions. The Hilbert equation (|40|l is one of the equations from 
this class. 



Example 5 

According to the above discussion, if fc 7^ and fc ^ 1 equation 



1 



II \k 



:(y") 



(45) 
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has not the property of having intcgral-frcc solutions. Thus, since one is forced to use integrals to 
write down the general solution of H45|l . we solve it by putting 



x^t, y^w{t), 



\j^"{tnt. 



(46) 



Cartan found better solution 



x^{k- l)t-^w"{t) 
y = ^{k- l)H^^w"{t)^ - (fc - l)t^w'it)w"{t) + i(A: - I) J t'^ w" {t)Mt 

Z = t^t^u!"{t) ~ tw'{t) + W{t). 

We prefer this solution rather then 146(1 since it involves only second power of w" under the integral, 
whereas the solution 146|l involves the fcth power. This example shows that, for a given Cartan 
equation, among many different expressions for its general solution which involve integrals there 
could be some preferred ones. The precise meaning of this observation is worth further investigation. 



5.3 6*2 Cartan connection for equation z' = F{x, y, y', y", z) and conformal 
(3,2)-signature geometry 

We will not comment any further on Cartan equations for which Fqq ~ 0. Instead, we concentrate 
on much more interesting Fqq ^ case. 

First, we briefly sketch Cartan's results on equivalence problem for forms 



/ = dz — F{x, y,p, q, z)dx 
ijJ^ = dy — pdx 
w^ = dp — qdx 



(47) 



satisfying Fqq ^ 0. On doing that we supplement these forms to a coframe [uj^ , oP , uj'^ ^ oj'^ ^ oj^) on 
the (a;, 2/,p, g, z) space such that 



UJ 



dz- F{x,y,p,q,z)dx 



U! 



UJ = dy ~ pdx 



dp — qdx 
4 = dg 
' = da;. 



(48) 



Since we are interested in all forms (uj^ , uj'^ , to^) which are equivalent to the forms (|47|l via transfor- 
mations ((43|l - ((44|l this coframe is not unique. It is given up to the following freedom: 

/a /? 7 0\ /wi\ 
S e X 

K ^ 1/ 

TT p a T X 

\k' p' a' t' x7 V^V 



/c^i\ 




(lo^\ 




C^2 




UJ^ 




C^3 


— > 


LU^ 


^ 


o;4 




LO^ 




\^7 




WJ 
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which suggests that instead of working with a not uniquely defined coframe H48|) on the {x, y,p, q, z) 
space it is better to use five well defined linearly independent f-forms 



(e^\ 



V) 



fa P J 

(5 e A 

K fl h' 

■n p (J T X 

\it' p' a' t' x'I 



0\ fiu'\ 

,2 



V-7 



on a bigger space parametrized hy {x,y,p,q, z, a, (3,^,5, e,\,K,,^,v, it, p, a, r, Xj""', p'i f', r', x'). Now, 
assuming that Fqq ^ and using his equivalence method (which involved several reductions and 
prolongations'*) Cartan was able to prove that on a certain 14-dimensional manifold P the forms 
{9^,9'^,9^,9'^,0^) can be supplemented in a unique way to a unique coframe. More precisely, he 
proved the following theorem. 

Theorem 8 (Cartan) 

An equivalence class of forms 



u>^ = dz — F{x, y,p, q, z)dx 
w^ — dy ~ pdx 
uj'^ = dp — qdx, 

for which Fqq ^ 0, uniquely defines a 1 4- dimensional manifold P and a preferred coframe 
9^, 9^ , fli, 5I2, i^3, ^^4, ^5, 5^61 ^75 ^8j ^9) on it such that 



(49) 



?\9^,9^ 



d9^ = 6ii A (2f^i + ^4) + 02 A 1^2 + 6i3 A 6*4 



d6'2 = 611 A fla + 6'^ A (f^^ ^ 2^^) +9^ A 9"^ 



d9^ ^9^An5+9^An6 + 0^ A (Qi + ^4) + 9^ A 9^ 



(50) 



d9^ ^9^ A fir + ^9^ Ane + 9^ Aili + e'^ Afl2 



d9^ =9^ Anr- ^0^ A Hg + ^^ A ^^3 + 9^ A Qi. 



Note that the above theorem implies formulae for the differentials of the forms fJ^, /x = 1,2, ...,9. 

*See e.g. in Ref. )18| for the definitions of these procedures 
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Explicitly, these differentials are: 



dl7i = f^a A SI2 + 36*3 A^T- |6i4 A f^g + ^6^ A l^g + 6*1 A Og + 
|c26li A 6i2 + 626*1 A 6*3 + 63612 A 6l3 + 026*1 A 0" ^ 036*1 A 6*^ + 03612 A 9'^ + 046*2 A 6*^ 

dr22 = r^a A (f7i - n^) - 6*^ a r^e + 6*1 a f^g + 

§036*1 A 6*2 + 636*1 A 6*3 + 036*1 A e*-! + 046*1 A 6*5 + 646*2 A 6*^ + 046*2 A 9^ + 056*2 A 6*^ 

dr23 = r^g A {Qi - ni) - 6*^ a r^s + 6*2 a f^g - 

§016*1 A 6*2 - 616*1 A9^~ 016*1 A 6*4 - 026*1 A 6*5 - 626*2 A 9^ - 026*2 A 9^ ~ 036*2 A 6*^ 

dl74 = f72 A r23 + 56*3 A r^T + 56*4 A f^s - 16*5 A 1^6 + 6*2 A rjg - 
§026*1 A 6*2 - 626*1 A 6*3 - 026*1 A 6*4 - 036*1 A 6*5 - 636*2 A 6*^ - 036*2 A 6*" - 046*2 A 6*^ 

df^g = f7i A f^g + r23 A f^e - 6*5 A r^T + 6*3 A r^g + (51) 

^^16*1 A 6*2 + f ci6*i A 6*3 + |6i6*i A 6*4 + ^626*1 A 6*5 + |c26*2 A 6*3 + 1626*2 A 6*^ + 1636*2 A 6*5 

dfle = f72 A 1^5 + O4 A 1^6 + 6*4 A f^7 + 6*3 A f^g + 
^^26*1 A 6*2 + 1026*1 A 6*3 + 1^26*1 A 6*4 + §636*1 A 6*5 + 1036*2 A 6*3 + §636*2 A 6*4 + 1646*2 A 6*5 

dQj = fr^s A r^e + (r^i + Qi) A f77 + 6*4 A f7g + 6*5 A r^g + 
^06*1 A 6*2 ~ §,5i6*i A 6*3 - §016*1 A 6*4 - §026*1 A 6*5 - ^626^ A 6*3 - §026*2 A 6*4 - §036*2 A 6*5 

dfls = ^5 A r^T + (2f7i + Qi) A rjg + f73 A f]g + 
/ii6'i A 6*2 + /i26'i A 9^ + /i36'i A 9^ + h^O^ A 6*5 + hr^O"^ A 9'^ + h^O'^ A 6*4 + hQ9'^ A 6*5 

dfig ^^qAQ.T + {Vti + 2fi4) A r^g + f72 A rig + 

fci6'i A 6*2 + ^(3e + 32/15)6*1 A 6*3 + ^(-3(5i + 32/14)6*1 A 6*4 + 
^(-3^2 + 32/16)6*1 A 6*5 + /e26'2 A 6*3 + 55 (-352 + 32/i6)6*2 A 6*4 + A:36'2 A 6*5 

where oi, 02, 03, 04, 05, 61, 62, 63, 64, oi, 02, 03, (5i, 82, e, hi, /i2, /is, /i4, h^, he, h, k2, k^ are 
functions on P uniquely defined by the equivalence class of forms H49I) . 

The system (|5()ll - H51ll provides all the local invariants for the equivalence class of forms H49|l satisfying 
Fqq ^ 0. If one is given two triples of 1-forms 

uj^ =dz- F{x,y,p,q,z)dx, Fgg ^ 0, 

oj = dy — pdx 

U!^ = dp — qdx 

and 

ui^ =dz- F{x,y,p,q,z)dx, Fqq ^ 0, 

d) — dy — pdx 
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U!'^ — dp — qdx 



on respective manifolds J and J parametrized by {x,y,p,q,z) and {x,y,p,q, z), then there exists a 
local difFeomorphism 

fx\ /x\ fx(x,y,p,q,z)\ 



V 
P 

q 



V 

P 
q 

V-7 



y{x,y,p,q,z) 

P{x,y,P,q,z) 

q{x,y,P,q,z) 

\z{x,y,p,q,z)J 



realizing 



(/)*(w^) = au'^ + l3uj'^ + juj^ 






5uj^ 



Xu^ 



I1UJ~ 



iff there exists a difFeomorphism ^ : P ^ P between the associated 14-dimensional manifolds P and 
P of Theorem 8 such that 

for all i — 1,2, 3, 4, 5 and fi — 1,2, 3, ..., 9. This, in particular means that to realize the equivalence 
between the (w')s and ((I'')s, the diffeomorphism $ must also satisfy 

$*(ai) = ai, $*(6i) = 6i, $*(ci) = ci, etc. 

This gives severe algebraic (i.e. non-differential) constraints on $ and, in generic cases, quickly leads 
to the answer if the two systems of forms (w*) and (a)*) are equivalent. 

In view of the above we ask for those equivalence classes of forms (|49|l which correspond to systems 
(|50|I - H51|I with all the scalar invariants (oi, 02, 03, 04, 05, 6i, 62, 63, 64, ci, C2, C3, <5i, (52, e, /ii, /12, /i3, /14, 
/15, he, ki, k2, k^) being constants. It follows that it is possible if and only if all of them are identi- 
cally equal to zero. In this well defined case the system ()50 |I - H51(I can be understood as a system 
consisting of right invariants forms (0*, O^) on a 14-dimensional Lie group. This group is simple and 
has indefinite Killing form, as can be seen from the structure constant coefficients defined by the 
system (|50|) - (I51|I with all the scalar invariants vanishing. This identifies this group as a noncompact 
real form G2 of the exceptional group G2 . 

It follows that there is only one equivalence class of forms (|49|l corresponding to the system H5()|l - (|51|l 
with all the scalar invariants vanishing. It can be defined by the function 



F = q^ 



associated with the Hilbert equation 



(y 



//\2 



In case of general scalar invariants, the system (|5U|) - (|51f) defines a curvature of a certain Cartan 
g2-valued connection which 'measures' how much the equivalence class of forms (|49|) is distorted 
from the flat Hilbert case corresponding to F = q^. To define this connection we first observe that 
the system (|50|l - (|51|) guarantees that P is foliated by 9-dimensional leaves. These are the integral 
manifolds of the distribution spanned by vector fields F^, /i = 1,2,. ..9 which, together with Xi, 
i = 1,2, ...5, form a frame (Xi, X2, X3, X4, X5, Yi, Y2, Y3, I4, Y^, Yq, F7, Ig, Yg) dual to the invariant 
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coframe {9^,0'^,0^, e"*, 6'^ f^i, 172, ^3, ^4,^5,^16,^7, fts, ^9) on P. (The fact that this distribution is 
integrable, is a simple corollary, from equations H50() . which show that the basis 6**, i = 1,2, ..5, of its 
annihilator is a differential ideal). This proves that the manifold P is fibered over a 5-dimensional 
space of leaves of this distribution. This space may be identified with the {x,y,p,q,z) space J 
on which the original forms uj'', i — 1,2, ...5, defining the equivalence class H49(l reside. Thus we 
have a fibration P ^ J, which is actually a principal fibre bundle with the 9-diinensional parabolic 
subgroup H of G2 as its structure group. On this fibre bundle the following matrix of 1-forms: 



UJ/ 



f-^i ~ n^ 


-ns 


-rig 


-73^^ 


1^5 


if^e 


\ 


0^ 


f7i 


^2 


73^^ 


-103 





if^e 


0^ 


^3 


n4 


^^^ 





-103 


-3^5 


^^^ 


^^■5 


73^^ 





73^^ 


1 M 
-73^ 


-73^^ 


04 


nj 





^^6 


-r!4 


^2 


rig 


05 





nr 


-^.^^ 


^3 


-f^l 


-^8 


V 


05 


-04 


^.'' 


-02 


01 


r!i + r!4 ) 



(52) 



becomes a Cartan connection with values in the Lie algebra of G2. (The fact that uJq is g2- 
valued can be checked e.g. by successive replacement of one of the 14 forms (01,0^,03,04^5(5^^-2^^ 
r22, 1^3, ^4, ^5, i^e, ^7, ^8, ^9) in uJq by 1 with simultaneous replacement of all the others forms by 
0. The so obtained 14 matrices satisfy the commutation relations of g2.) The curvature of this 
connection 



TZ = duj/ 






being horizontal, involves only 0' A 0^ terms. This when compared with equations (|51|) . enables the 
scalar invariants to be interpreted as the curvature coefhcients of luq . 

Another interpretation oiojQ can be obtained by recalling that G2 is naturally embedded in SO (4, 3) 
as its subgroup stabilizing a generic 3- form in R(4,3)^ ^g have chosen a 7-dimensional representation 
of the Lie algebra g2 in such a way that the connection uJq can be interpreted as a reduction of 
a Cartan normal conformal connection associated with a certain (3, 2)-signature conformal metric 
defined on J. In the following we describe this view point. 

Given an equivalence class of forms H49|l satisfying Fgq ^ and using the forms {0^ , 9^ , 0^ , 0'^ , 6^) 
associated with them via Theorem 8 we define a following bilinear form 



g = 20i05 - 20^04 



g3/)3 



(53) 



on P. This form is clearly degenerate and has signature (+, +,+,—, — , 0, 0, 0, 0, 0, 0, 0, 0, 0). Using 
the frame {Xi, X2, Xy,, X^, X5,Yi,Y2,Y^,Yi,Y5,YQ,YT ,Y^,Yg) on P defined above, we see that the 
degenerate directions of g are tangent to the vectors Y^. Now, the system H5()(l guarantees that the 
form g scales when Lie dragged along any of the directions Y^. In other words we have 
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with some functions A^. This, when compared with the fact that the distribution spanned by Y^, 
fi — 1,2, ...9, defines a fohation on P, means that the degenerate bihnear form g projects from P 
to J, the space of leaves of this foliation, defining there a conformal metric [G(3,2)] of signature 
(+, +, +, — , — ). It is this conformal structure that yields all the information about the local invari- 
ants of an equivalence class of forms H49(l . Calculating the Cartan normal conformal connection of 
this conformal structure, leads to the conclusion that it is reducible to the g2-valued Cartan con- 
nection LOr, on P. 

Remarkably the conformal metric [G(3^2)] is defined on the same space J on which the original forms 
uj^, i — 1,2, ...5, defining the equivalence class (|^ were defined. Thus, it is possible to write down 
a local representative G(3_2) of [G(3_2)] in coordinates {x, y,p, q, z) in which the forms w* read 

uj^ = dz — F{x, y,p, q, z)dx 

u>^ — dy — pdx 

u>^ =^ dp — qdx 

Lo'^ = dq 

Lo^ = dx. 

Introducing the total differential operator D on ,/ by 

D ^ dx+ pdy + qdp + Fdz 

we find that a representative of [G(3_2)] is given by 

G(3,2) = (54) 

\ DF'^ F'^ -\- PiDF DF F"^ —(\DF F F'^ — '^DDF F^ionp p3_qp p3_i_ 

I ^^^ qq^ qq ^ 'JJ^^ qJ-^ ^ qqq^ qq 'J^^ qqq^ p^ qq •JUUl^ qq-L ^^ ~r HUL qp± ^^ ijL pp± ^^ T 

qnp F F^ — ^^F F F^ + ^DF F'^ — P,DF F'^ F A-P,F F'^ F — 
RDF DF F F + HDF F F F + '^DDF F'^ F ~ '^DF F"^ F — "^DF F F"^ F 4- 

'J^-^^ q^-^ ^ qq^ qq^ qqq T^ O-L^-t qq± p± qq± qqq n^ O-L^i^J- q± qq± qqq ,j±y± p± gg± qqq 0-Ly± z-^ q^ qq^ qqq ^^ 

^K^^q) ^ qqq ~ °^^q^P^ qqq ~ "^{^ ^ q) ^qq^qqqq ' p qqq ' ^^^q^p^qq^qqqq ~ 

Qp2p p _ fTjp p p2 p , ap p p2 p _ ^np p3 p _LlOpp3p I 

p QQ QQQQ ^J-^^ g-i q^ qq^ qqz T^ ^^ p^ q^ qq^ qqz ^-Ly± q± ^^± q^ n^ xz;i p± gg± q^ n^ 

op2 p p _ ap)p p p2 p lADF F^ F A-PiF F"^ F F +RDF F F F F — 

qq QQQ V vji>'J- qqq^ q^ qq^ z ^^ ^J-^ ± qq-L ^^-t z T^ ^-L q-L qq-L qqp^ z T^ U-i-y± qq± q± qq± qqq^ z 

Aptp p2 p p _ qp p3 p _, p p2 p F — RDF F F"^ F A-RF F F'^ F A- 

'±dj± q± ijij± qqq-l z a± qp± qq± z ^ ->- p-L qq^ qqq^ z OUL q-L q-L qqqi^ z ^ O-l p-^ q^ QQQ ^ ' 

PiDF F F F F — PiF F F F F A-^RF^ F A-PiF'^F'^ F F A- ^F F^ F F — 

^-Ly^ q-L q-L qq± qqqq-L z ^-L p^ q-L qq^ qqqq z T^ ±u± qq± qy n^ KJ± q ± qq± qqz-L z T^ ^^ q^ qq^ qz-L z 

2F^ F'^ A- F F'^ F f'^A-AF'^F'^ F'^-^F'^F F f'^ -^F'^F^ F ] (u)'^\'^ A^ 

^^ qq^ z ' -'^ Q^ qq^ qqq-'^ z '^-'^q^qqq^z '-'-'^ q -'^ QQ-'^ QQQQ-'^ z ^^ q^ qq^ zz \ \^ ) ^ 

\ PDF F"^ — PF"^ F —RDF F F + RDF F^ — RF F"^ — PDF F F A- 

[ ^^^qqq^qq "^qq^QQP O-Ljr qqT qqT qqq T OUTql ^^^ "^P^qqq ^^-^ ^ qJ^ qq^ qqqq ^ 

PF F F — PF F"^ F +PF^ F A-IF"^ F F — RF F'^ F A-PF F F F ] lj^lj^ -I- 

P QQ QQQQ Q qq QQ^ ^^ qq Q^ ^^ qq QQQ ^ Q QQQ ^ Q QQ QQQQ z \ ^^ ^^ t^ 

[ IQDFqqF^^ - IQDFqF^^Fqqq + lOFpF^^Fqqq - WF^^Fz + IQFqF^^FqqqFz ] Cj^Cj^ + 

30F*g Cj^Cj* + [ SODFqF^g - SOFpFJ^^ - SOFqF^^Fz ] Cj^Cj^ + 

[ 4F2^, - iFqqFqqqq ] {Cj^f ~ WF^^Fqqq Cu^ Cu^ + SOF^^ Cj^ Co' - 20F^g {Q^f, 

where the tilded omegas are defined by 

oj^ = dy — pdx 

Cj"^ = dz — Fdx — Fq[dp — qdx) 

Cb'^ = dp — qdx 

uj* — dq 

uj^ ~ dx. 
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Despite of its ugliness this formula may be useful if one wants to write down the Cartan in- 
variant forms (0*,f2^) and the scalar invariants ai,a2,.... directly in terms of the function F = 
F(x, y, y' , y" , z) and its derivatives. 

We can summarize the above considerations in the following theorem. 

Theorem 9 

The conformal class of {3, 2) -signature metrics G(3^2) which are naturally defined on the J space 
parametrized by {x,y,p,q, z) encodes an invariant information about a class of forms 

ui^ = dz — F{x, y,p, q, z)dx 

uj'^ = dy — pdx 

u>^ ~ dp — qdx 

w^ = dq 

LO^ = dx. 

associated with a second order Monge equation 

z' ^ F{x,y,y',y",z) 

satisfying Fqq ^ 0. 

Among all 5-dimensional [Z^ 2) -signature metrics the metrics Gi^_2) o'^s distinguished by the require- 
ment that their so{4:, 3) -valued Cartan normal conformal connection is reducible to a g,2-valued 
Cartan connection uj^ . 

Interestingly the conformal metrics G(^2) ^.re very rarely conformal to Einstein metrics. Even 
weaker curvature conditions, which are necessary for a metric to be conformal to Einstein, such as 
e.g. conformal C-space conditions (see Ref. jll| for the definition), are not always satisfied by the 
metrics 6(2,3). However there are examples of the second order Monge equations which correspond 
to the conformally Einstein metrics G(3 2)- Below, we present one of such examples. 

Example 6 

Consider a second order Monge equation 

z' = F{y"), with Fy„y„^^0. 

Since F depends on only one variable q we will denote its derivatives by Fq = F' , etc. Its corre- 
sponding forms on J are cu^ = dz — F{q)dx, oj"^ = dy — pdx, ut^ = dp — qdx, uj'^ = dq, uj^ = dx, with 
the tilded forms appearing in 154|l given by 

u)^ ~ dy — pdx 
tD2 == dz - Fdx - F'{dp - qdx) 

ui^ ~ dp — qdx (55) 

oj'^ = dq 



The invariant forms (9^, 9"^, 9^, 9^, 9^, fli,fl2,^3, ^4, ^5, ^6, ^7, ^8, ^9) of theorem 8 are totally de- 
termined by forms [9^, 9"^, 9^, 9^, 6''^, fii, 1^2, ^3, ^4, ^5, ^6, ^7, ^s, ^9) on J which satisfy system (jHOJ- 
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(|51|l . Staring with H55|l we find that on J these forms can be represented by 



6'3 = -(i^")3j)3 (56) 

qA ^ (^")-i [ j)5 _ ^f^^){^f")-^Cj^ + -L(_3F"i^(4) ^ 4F(3)2)(i^")-3(2,2 ] 

1^2 = ^[-45F"F(3)f(4) + 40F(3)3 + gCF'O^i^f^^KF'O^'^ei^ + 2.[_3i^"F(4) + 4^(3)2] (^»)-fg|3 

O3 = 0, 04== 0, 1^5 = 0, 
f7g ^ --L[_3F"i^(4) +4F(3)2](F")-f 6l5 

1^7 = 0, 1^8 = 0, fig = 0. 

In this setting the only nonvanishing function among (ai, 02, 03, 04, 05, 5i, 62, 63, 64, ci, C2, C3, i5i, (52, e, 
/ii,/i2,/i3,/i4, h5,he,ki,k2,k3) is 

as = {-224^(3)4 ^ 33g_p,,_p(3)2^(4) „ gQ(_p»)2_p(3)_p(5) _^ (^»)2[_5^^(4)2 ^ ^0_p»_p(6)]|/[^00(^^^^ 

(57) 
Now applying formula (|53(l to the forms (|56|l . or using formula (|54|l for F = F(g), we get the 
following representative for the metrics [G(3.2)]: 

G(3,2) = 30(F")'' [ dqdy-pdqdx ] + [ 4F(3)2 _ 3F" F^^'^ ] dz^ + 

2 [-5(F")2i^(3) - 4i^'F(3)2 + ■ip'p"Fi'^) ] dpdz + 

2 [lb{F"f + 5qiF")^F^^^ - AFF^^^^ + AqF'F^^^^ + 'dFF"F^^^ - SqF'F"F(^'> ] dxdz + 

[-20{F")'^ + 10F'(i^")2F(3) + 4(F')^F(3)2 - ■i{F'fF"F^^^ ] dp^ + (58) 

2 [~lbF'{F"f + 20q{F"Y + hF{F"fF^^'^ - 10gF'(F")2F(3) + 
4^pp'p{m _ 4q(i^')2^(3)2 _ ^ppfpffpii) ^ ■^q{^p'fp"p{A) ] dpj^. ^ 

[-30F(F")=^ + ?,QqF'{F"f - 2Qq^{F"f ~ 10qF(F")^F(3) + lOq^F' {F"fF^^) + 4^2^(2)2 _ 
SqPP'pim j^ 4q2(^/)2^(3)2 _ ^p2p„p(A) ^ Qqpp'p^'pii) _ "iq^ [p'f p" pi^) ] dx2. 

It is a matter of checking that this metric is conformal to an Einstein metric g = c^^G(3^2) with the 
conformal factor T = T(g) satisfying equation 

10(F")' [ T" - (T')' ] - 40F"f(3)t' + 17F"f(4) _ 56^(^)2 = 0. 

Cartan j^ classified various types of noncquivalcnt forms (|49f) according to the roots of the polyno- 
mial 

\['(z) = oiz +402^+6032 +4a4Z + a5, 

where (01,02,03,04,05) are the scalar invariants given by (|51|l . This polynomial encodes partial^ 
information of the Weyl tensor of the associated metrics G(3^2) ■ In particular, its invariant I^j, = 
6o| — 80204 + 2ai05 is, modulo a numerical factor, proportional to the square of the Weyl tensor 
(j2 _ C^^'^'^C^upa of the metric G(3 2)- Vanishing of /^ means that ^ — ^(z) has a root with 
multiplicity no smaller than 3. Our example above corresponds to the situation when this multiplicity 

^For completeness wc give the exact formula for The Weyl tensor of metrics G(3, 2) in the Appendix 
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is equal to 4. According to Cartan 4 all noncquivalcnt forms for which $ has quartic root are 
covered by this example. The noncquivalcnt classes are distinguished by the only nonvanishing 
scalar invariant a^ of (|57|l . to which the Weyl tensor of metric l|58() is proportional. 
We were unable to construct an example of forms (|49|l for which ^ has precisely triple root. For this 
it is enough to assume that among the scalar invariants (01,02,03,04,05) only 04 is nonvanishing. 
In such situation Cartan shows that the system (|50|) - (|51|l reduces to an invariant coframe on J. 
Despite the fact that in this case the system is reducible to 5-dimensions it is difficult, to find 
nonhomogeneous examples of forms which satisfy it. 
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7 Appendix 

In the nuU coframe {a^ ,a'^,a^,a^a^) = {9^, 9"^, ^^9^, 9^, 9^) in which the metric (jHU is 
the Weyl tensor 2-forms are: 



C^i, = -Cf^^paa'' A a" 



f —^14 Wi5 ^ 

wi5 -W25 

-W34 W35 

Wu -Wi5 W34 -W45 

\-Wiz W25 -^35 W45 / 



where 

Wi4 = -^csce^ A a^ ~\ — —b^a^ A a^ + a^a^ Aa + a^a^ A a^ H — —640^ A a"^ + a^a^ A a + a^a^ A a^, 
8 2 2 

Wi5 — -C2a^ A a^ H — —b2a^ A a^ + a2a^ Aa + a^a^ A a^ H — —b^a^ A a"^ + 030;^ A q + 040^ A a^ , 
8 2 2 

q /q /o 

W25 = -cia^ A a^ H bia^ Aa^ + aia^ A a'' + 020"^ A a^ H 620^ Aa^ + 020:^ A a** + 030?^ A a^ , 

8 2 2 

m;34 = ——S2a^Aa'^ + -C2a^Aa^ + —-b2a^Aa'^+—b3a^Aa^ + -C3a'^Aa^ + -—b3a'^Aa'^+-—bia'^Aa^, 

J. ij 'rt ^ .^ 'rt ^ ^ 

W35 = ——Sia^Aa'^ + -Cia^Aa^ + —-bia^Aa'^+—-b2a^Aa^ + -C2a^Aa^ + --b2a'^Aa'^+--b3a^Aa^, 
lb 4 2 2 4 2 2 

W45 = - -—ea Aa + —r—Sia Aa'^ + -cia Aa + -C2a Aa^ + —-—52a Aa'^ + -C2a Aa + -csa Aa° . 
64 16 8 8 16 8 8 
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